In this paper, we derive new expressions for some Fibonacci and Lucas number related reciprocal series with subscripts in arithmetic progression. We give expressions for both finite and infinite sums. The results, which we believe to be new, appear as special cases of some more general series identities, which we prove to be true.
Introduction
Generalized Fibonacci numbers G i , i ≥ 0, may be defined through the second order recurrence relation G i+1 = G i + G i−1 , where the initial terms G 0 and G 1 need to be specified. In the present article we restrict our attention to the most popular members of this family: The Fibonacci numbers F i and Lucas numbers L i , which are defined by initial conditions F 0 = 0, F 1 = 1 and L 0 = 2, L 1 = 1, respectively. These sequences can be expressed more compactly by their Binet forms:
where α and β are roots of the equation x . We have αβ = −1, α 2 = α + 1 and β 2 = β + 1 (see [10] ). The exact evaluation of reciprocal series of these numbers is an old and challenging subject with still open questions. The literature is rich of articles, where different approaches are applied: [1] , [2] , [3] , [4] , [6] , [7] , [8] , [9] , [11] , [12] , [13] , [14] , [15] and [16] . See also [5] for a collection of results.
In this paper, we focus on reciprocal Fibonacci and Lucas related series where subscripts are in arithmetic progression. The first exact expressions for these series have been derived by Backstrom in [4] , where he studied series of the form
and
for certain integer values of a, b and c. His initial study was carried on by several authors. We refer the reader to the articles [2] , [3] , [9] , [12] , [13] , [14] , [15] and [16] . Our paper is highly influenced by the recent paper [13] . In this paper, the author presents among others closed forms for Fibonacci and Lucas related reciprocal sums of the form
for certain values of a, b and c.
Motivated by these pretty discoveries we continue the study of Fibonacci and Lucas reciprocal sums. We evaluate in closed-form four new types of finite and infinite reciprocal sums with the following structures:
for integer values of p, m and q and non-negative reals n. We show that these sums are special cases of even more general series which we solve in closed-form here.
Reciprocal Series, Part 1
In order to ensure a clear presentation, we state our results in two separate sections. The proofs, however, will be unified using Theorem 2.1 of [7] . Throughout the paper we assume that p and q are integers and n, a ≥ 0 are real numbers. We define the following three finite sums: For q ≥ 1 we define
Furthermore, let p be even, such that p/2 is even, i.e. 4|p, and set
(5) Finally, let p be even, such that p/2 is odd, and set
(6) Our first theorem gives exact evaluations for the above sums:
Especially,
Remark 2.2 Some of the special results from the Theorem should not surprise, since the sums are essentially telescoping sums. This telescoping nature is obvious in equations (11) and (12) and also in (17) and (18) when p = 2. It is not that obvious in equations (14) and (15) when p = 4. Using the relation, L i = F i+2 − F i−2 , i ≥ 2, the hidden telescoping nature becomes visible.
Reciprocal Series, Part 2
The results of this section complete our study. The series that we want to consider are: For q ≥ 1 define
Next, let p be even, such that p/2 is even, i.e. 4|p, and set
(20) Finally, for p be even, such that p/2 is odd, we set
The series S 4 − S 6 can be expressed exactly according to the next theorem.
Theorem 3.1 We have
Remark 3.2 Again, the special results from equations (26) and (27) and (32) and (33) when p = 2 arise naturally from the telescoping nature of the sums.
Proofs
In this section we give a unified proof for the Theorems 2.1 and 3.1. The proof is an application of Theorem 2.1 of [7] combined with the following Lemma:
Lemma 4.1 Let u and v be integers such that u + v and u − v have the same parity. Then
PROOF: Both identities can be proved easily using the Binet forms. We only give a proof for the first identity. We have
This proves the first part of the Lemma. The second part is proved in exactly the same way and is omitted. 2 PROOF of the Theorems 2.1 and 3.1: To ensure a concise presentation, we work with the generalized Fibonacci numbers G i where G i+1 = G i + G i−1 with initial terms G 0 and G 1 . For a = 0 define f (x) as f (x) = a/x. Furthermore, for integers p, q ≥ 0 and n ≥ 0 a real number define g(i) = G pi+q + n. Then, obviously f (g(1)) = a/G p+q + n and lim i→∞ f (g(i)) = 0. From Theorem 2.1 of [7] it follows that
where we have set
Hence, Theorem 2.1 of the present paper follows by setting G = F , using
and differentiating w.r.t. the parameter a. Theorem 2.2 is obtained upon setting G = L, using
and differentiating w.r.t. the parameter a. 2
Conclusion
In this paper we have derived closed-form expressions for various types of finite and infinite reciprocal series involving Fibonacci and Lucas numbers. The key idea concerning the proof is to use a theorem recently derived in [7] . The theorem turned out to be very useful and still other applications seem to be possible. As becomes obvious from the proof, our results still remain valid if n becomes negative. Here, however, some caution is necessary to avoid singularities. Also, interesting identities are obtained if for n one of the numbers F p+q , L p+q , F p+q±1 , or L p+q±1 is inserted. We conclude this presentation with a short list of nontrivial reciprocal sums identities that were discovered here:
F 4i+4 (L 4i+2 + 2)(F 4i+6 + 2) = 1 100 .
